In this paper we use Jacobi fields to describe the motion of a charged particle in the classical gravitational, electromagnetic, and Yang-Mills fields. *
Introduction
The Jacobi fields are very important to the Riemannian Geometry [1] and in singularity theorems [2] . These fields can also be used to study the motion of a particle in a Riemannian spacetime as an alternative to the usual geodesic approach. The general relativity theory assures us that every coordinate frame is physically equivalent from a classical point of view. Thus we can claim that any falling particle in a gravitational field will be accelerated relatively to any stationary coordinate frame defined by a Killing vector. However, it is possible that a specific spacetime does not have Killing vector, so in this case we would not have at our disposal a frame which enables us to measure this acceleration. In such a situation, the best we can do is to take two different particles and measure their relative acceleration. This is a relativistic three-body problem. The metric deformation by test particles [3] is necessary in a more realistic approach to the Kaluza-Klein manifolds, but it is a difficult problem in geometry so that we will not consider it. In this case a relative acceleration will be given by the equation which governs the Jacobi fields. This paper is organized as follows. In Sec.2 we present some facts about the Jacobi fields. In Sec.3 we build a Kaluza-Klein geometry and the associated Jacobi equation. In Sec.4 we summarize the main results of this work.
Jacobi Fields
In this section we briefly review the Jacobi fields and their respective differential equation for a Riemann manifold. Let us consider a differentiable manifold, M, and two structures defined on M, namely affine connection, ∇ , and Riemann tensor, K , related by the equation [2] 
where X, Y and Z are vector fields in the tangent space. The torsion tensor can be defined by
where ∇ X Y is the covariant derivative of the field Y along the X direction. We define the Lie derivative by
For a torsion-free connection we can write
Let us consider the tangent field V, the Jacobi fields Z and the condition
From (2.5), we can easily see that the equations which govern the Jacobi field can be written in the form
We assume that
In this case the Jacobi equations are reduced to a geodesic deviation, assuming a simpler form, and the Fermi derivative
coincides with the usual covariant derivative
and
Jacobi equation in a Kaluza-Klein manifold
We intend to make use of a vielbein basis, but it is necessary, beforehand, to present a local Kaluza-Klein metric G for the fields [4, 5, 6] . The metric tensor G has signature (−, +, . . . , +). For Kaluza-Klein manifold the indices Λ, Π ∈ (0, 1, 2, 3, 4, 5, 6, . . . , n) and for ordinary space-time the indices α, β ∈ (0, 1, 2, 3). For internal space we have indices x 4 = y for the electromagnetic fields and i, j ∈ (5, 6, . . . , n) for the Yang-Mills fields. We can write a local basis coordinate system as x Λ = (x α , y, z i ). In this basis the metric G is given by the ansatz
2)
3)
where the form invariance of h ij (z) was assumed and this implies that Killing equation is obeyed, or equivalently
Next, let us consider the connection between the vielbein and the local metric tensor 
. , n).
Specifically we have (A) = (A, (4), a), with A ∈ (0, 1, 2, 3), a ∈ (5, 6, . . . , n), so that the Lorentzian metric is composed as follows
where η AB are the flat metric of the ordinary space-time and η (4)(4) , η ab of the internal space, are associated with the electromagnetic and Yang-Mills fields respectively. In the vielbein basis we use the following Riemannian curvature
where the γ (A)(B)(C)(D) are the Ricci rotation coeficients. The only nonvanishing coeficients are
γ AB(4) = −1/2η (4)(4) F AB , (3.12) 
where R ABCD (x) are the Riemannian components in the ordinary spacetime. It is important to note that the following properties can be verified
where for some set of indices we have used (3.5) . We now consider a massive test particle. Since the particle has a nonvanishing rest mass, it is convenient to define the tangent vector V as a timelike one, so that g(V, V ) = −1. Let us build a Fermi-Walker transport. In the Fermi-Walker transported particle frame the equation (2.8) is given by
More specifically:
where τ is, in general, an affine parameter, which in our case is the proper time of the particle and Z (A) are the vielbein components of the space-like vector Z, with g(Z, V ) = 0 andÃ,C = (1, 2, 3).
Concluding Remarks
The equations (3.24), (3.25), and (3.26) indicate that the particle motion is a function of the gravitational, electromagnetic and Yang-Mills fields. The equation (3.24) suggests that the particle motion in a ordinary spacetime can depend on matter constituent details, but this effect is very small when compared to the others. We do not expect that (3.24)-(3.26) are a representation of the complete ansatz. The metric deformation by test particles [3] is necessary, although it is not enough in a more realistic approach. Actually, it is an open problem in geometry. We believe that the results obtained in the present paper might lead to a better comprehension of these issues in the future. 
